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el Laboratorio de Fotovoltaica del Instituto de Ciencia y
Tecnologı́a de Materiales (IMRE) de la Universidad de La
Habana, que fue reconocido por la Alianza Solar Internacional
como el primer y único Centro STAR en América Latina una
distinción que avala su capacidad para promover estándares
internacionales en tecnologı́a solar [5]. Como hemos sugerido
más arriba, un problema muy serio asociado a esta acelerada y
necesaria transformación de la matriz energética es no-trivial:
asimilar tanta generación sin inercia. Y no sólo por la existencia
de termoeléctricas muy viejas con paradas frecuentes, sino
por la carencia crónica de combustible que no permite que
los grupos electrógenos sean manipulados para “adaptarse
dinámicamente” a las fluctuaciones. El resultado lo hemos
vivido repetidamente: apagones por inestabilidad dinámica.
Aunque obviamente la buena organización (o falta de ella),
sentido de la previsión (o falta de él), los factores externos
(como el cerco petrolero impuesto desde inicio de este año) y
la acelerada presencia de fuentes energéticas renovables son
elementos fundamentales que deciden las “caı́das del SEN”,
la Fı́sica y las ciencias de la computación poseen sin duda
un nicho cientı́fico para contribuir a su estabilidad, más allá
de diseño mismo de los paneles y la electrónica asociada. Un
artı́culo de revisión de Witthaut y colaboradores [6] ilustra el
enorme campo que se abre ante la fı́sica estadı́stica en términos
de la modelación de los fenómenos colectivos y no-lineales
asociados a las redes eléctricas sometidas a fluctuaciones, que
podrı́an permitir el rediseño y/o control de dichas redes sobre
la base de datos reales.

La Fı́sica cubana ya ha salido en ayuda del SEN. Comenzando
por los dispositivos en sı́ mismos, podemos decir que el
conocimiento acumulado en el Laboratorio de Fotovoltaica
de la Universidad de la Habana sobre las tecnologı́as de
fabricación de celdas solares (en especial de silicio) [7],
ha permitido asesorar sobre los módulos fotovoltaicos que
podrı́an adaptarse mejor a las condiciones cubanas de alta
radiación, alta temperatura ambiental y altos valores de
humedad relativa.

Por su parte, los colegas del Instituto de Meteorologı́a (Insmet)
han desarrollado un modelo de pronóstico de generación solar
a partir de variables climáticas que se utiliza desde hace años
para la gestión de la estabilidad del SEN [8], el cual está siendo
perfeccionado con la ayuda de herramientas de Inteligencia
Artificial. Dentro de este tema, se ha estudiado en otros lares la
influencia de la forma de las nubes en la forma de sus sombras,
con evidente impacto en la generación solar [9]. Curiosamente,
para ello se ha utilizado la dimensión fractal de las nubes para
cuantificar su forma, un tema en el que colegas de la Facultad

de Fı́sica de la Universidad de La Habana, el Instec y el Insmet
han colaborado en el pasado [10].

Otra contribución de la Fı́sica y la matemática aplicada a
la estabilidad del SEN podrı́a ser el estudio de las series
temporales de la frecuencia de la red medida en una serie
de puntos, y crear un algoritmo para predecir posibles
desviaciones “caóticas” de la frecuencia deseada, en tiempo
real. Semejante medición no parece especialmente difı́cil, si se
usan sensores distribuidos.

Desde luego, esto nos recuerda a una serpiente que se muerde
la cola: para que exista la estabilidad de cómputo (¡y humana!)
necesaria para que nuestros fı́sicos “se metan” en estos
asuntos, no sólo hace falta la colaboración de las instituciones:
hace falta que haya estabilidad en el fluı́do eléctrico.
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a) Center for Complex Systems and Department of Theoretical Physics, Faculty of Physics, University of Havana, 10400, Havana, Cuba.
alexperez28403@gmail.com†

b) Dipartimento di Fisica, Sapienza Università di Roma, P.le Aldo Moro 5, 00185 Rome, Italy.
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In this work, we study the behavior of the Belief Propagation (BP)
algorithm in solving two combinatorial optimization problems: 3-SAT
and 3-XORSAT. We examine the performance of BP on planted
instances, applying the algorithm with a fraction of the variables
fixed from the beginning. The probability of reaching any solution
using this informed initialization displays abrupt changes with the
number of fixed variables. In both problems, BP requires fixing a
smaller fraction of variables than the Monte Carlo algorithm to solve
a given instance. We also extended a known analytical description
of the Unit Clause Propagation Algorithm to accurately predict BP’s
behavior with an informed initialization for 3-XORSAT in random
regular graphs.

En este trabajo estudiamos el comportamiento del algoritmo Belief
Propagation (BP) en la resolución de dos problemas de optimización
combinatoria: 3-SAT y 3-XORSAT. Aplicamos BP a la versión
plantada de estos problemas cuando una fracción de las variables
está fija desde el inicio. La probabilidad de resolver una instancia
usando esta inicialización informada muestra cambios abruptos con
el número de variables fijadas. En ambos problemas estudiados
BP requiere menos variables fijadas que el algoritmo de Monte
Carlo para converger a una solución. Finalmente, extendemos
una conocida descripción analı́tica del algoritmo Unit Clause
Propagation para predecir con precisión el comportamiento de
BP aplicado al 3-XORSAT en grafos aleatorios regulares con
inicialización informada.

Keywords: combinatorial optimization (optimización combinatoria), planted model (modelo plantado), belief propagation (propagación de
creencias)

I. INTRODUCTION

Most optimization problems are formulated via the
extremization of some function f (x⃗), of N variables ({x}) that
must satisfy specific constraints. For continuous variables,
if the function to extremize and the constraints are linear,
the exact solution of the problem is obtained using Linear
Programming, a well-known general algorithm [1]. On the
other hand, when the function is non-linear and the variables
are discrete, we step into a field where problems are usually
more difficult [2]. In computer science, these problems are
usually recognized as combinatorial optimization problems and
have common grounds with the field of disordered systems
in statistical physics [3].

This connection between combinatorial optimization and
statistical physics has triggered the efforts to understand the
structure of the solution space of some problems [4, 5] and
the (sometimes surprising) capacity of algorithms to find
solutions [6–8]. However, despite the advances in the field,
we lack a general algorithm to efficiently solve every problem
of this type and must approach them with tailored heuristics
[9–11].

Therefore, understanding the performance of general and
(in many cases) successful algorithms for combinatorial
optimization problems, such as Simulated Annealing [12, 13]

and Belief Propagation (BP) [14, 15], continues to be a very
active research area.

Here, we move forward in this direction by studying BP’s
performance solving K-SAT and K-XORSAT problems when
it is provided with an informed initialization. Both K-SAT
and random K-XORSAT are very well-known combinatorial
optimization problems and have been widely used as
benchmarks to test algorithmic performance [16–20]. In our
informed initialization, a fraction of the variables is fixed from
the beginning and then BP is run to find the right assignment
of the rest of the variables of the system. Moreover, we extend
some of the results in Ref. [14] to understand the behavior
that we observe when BP is applied to K-XORSAT instances
on random regular graphs.

The rest of the work is organized as follows. In the next
section, we present in detail the two problems, including some
known results to contextualize our work. The algorithm, BP,
is introduced in the following section titled Belief Propagation.
Then, we compare the performances of BP and Monte Carlo
(MC) when we use informed initializations. Finally, we
present the conclusions of our work.
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II. TWO PROBLEMS

The K-SAT problem deals with clauses formed by the logical
OR of K variables. Its computational hardness depends on the
density of clauses α = M

N , where M is the number of clauses
and N is the number of variables. The problem is typically
defined on random factor graphs with Poisson (Erdös–Rényi)
connectivity. As α increases, the solution space undergoes a
sequence of sharp phase transitions. For small α the system
is always solvable. At any given K, there is a threshold αs
such that, for α > αs there are no satisfying assignments
with high probability when the size N of the formula is
large. On the other hand, for α < αs a formula will have
a satisfying assignment with high probability when the size
N of the formula is large. For K=3, for example, we have
αs ≈ 4.267 [4, 21]. This sharp change around αs is called the
SAT-UNSAT transition.

Notably, there is another transition at some αd < αs [4,
22] where the system enters a dynamical glassy phase,
characterized by clustering of solutions and slow relaxation
dynamics, often referred to as the dynamical transition.
For K=3, we have αd ≈ 3.86. It is often considered that
hard-to-solve instances appear in the region αd < α < αs,
identifying the location of αd as the onset of algorithmic
hardness. However, the actual relevance of this threshold for
real algorithms is not completely clear, since one can find
several heuristics capable of reaching solutions well beyond
αd [6, 15, 23–26].

On the other hand, the K-XORSAT problem involves logical
clauses that are satisfied when the sum modulo 2 (i.e., XOR)
of K Boolean variables equals a fixed value. When this
problem is translated into statistical physics via a mapping
to spin variables—replacing Boolean values {0, 1} with Ising
spins (±1), it becomes equivalent to the ferromagnetic p-spin
model (p = K), a paradigmatic system in spin-glass theory
[16, 17]. In this formulation, each clause corresponds to a
K-body interaction that favors the alignment of the spins,
leading to a ferromagnetic Hamiltonian. This connection
has made K-XORSAT a valuable benchmark for studying
algorithmic thresholds and phase transitions in disordered
systems [16–18].

The SAT-UNSAT and dynamic transitions also occur in
random K-XORSAT at some αd and αs, respectively. However,
there is a key difference with K-SAT: solutions of K-XORSAT
can be found in polynomial time for any α up to αs, using
Gaussian elimination. In other words, we already know an
efficient algorithm that solves the problem whenever this
is possible. This does not mean that K-XORSAT is an easy
problem. It is widely accepted that, when one restricts oneself
to local algorithms such as BP or MC, the onset of hardness
occurs exactly at αd. For large K, it has been rigorously proven
that finding a solution of K-XORSAT is indeed hard in the
region αd < α < αs if one uses a local algorithm [27, 28].

In the physics literature, these two problems are usually
defined using N binary variables si = ±1, with i = 1, . . . ,N.
Inspired by condensed matter physics, these variables are
usually called spins. The combinatorial optimization task

is to find a configuration s⃗∗ that minimizes the following
Hamiltonians:

1. K-XORSAT:

H(⃗s) = −
M∑

a=1

Ja

∏
i∈a

si (1)

where Ja = 1 in the original formulation of the problem,
corresponding to the ferromagnetic p-pspin model.
Here, we will also allow Ja = ±1 with equal probability,
which in turn corresponds to the disordered p-spin. To
simplify the setting, for K-XORSAT we construct H(⃗s)
such that each variable i belongs to the same number of
clauses, denoted by c. This builds a c-regular K-uniform
random hypergraph.

2. K-SAT:

H(⃗s) =
M∑

a=1

∏
i∈a

1 − Ja
i si

2
(2)

where Ja
i indicates whether variable si is affirmed (Ja

i = 1)
or negated (Ja

i = −1) in clause a. As usual, here we choose
the clauses in the formula uniformly at random among
all possible clauses. Then, each variable i belongs to a
number of clauses that is Poisson distributed with mean
αK.

In the physics nomenclature, the optimal configuration s⃗∗

is the ground state of the corresponding Hamiltonian at
temperature T = 0.

To study the performance of algorithms, it is convenient
to use planted instances, where the existence of at least one
solution is guaranteed [29, 30]. The procedure used to build
the so-called planted solution depends on the problem of
interest, but the general idea is usually the same. One starts by
pre-assigning values to N variables (initially disconnected),
and then defines a graph of interactions such that the
pre-assigned configuration is a solution to the problem.

In our case, these instances are constructed as follows:

1. random K-XORSAT: Choose N variables si = ±1 ∀i
with probability 1/2 to form a configuration s⃗∗. Then
group these variables into M clauses (with indexes
a = 1, . . . ,M) that are also selected uniformly at random.
Regardless of the outcome, s⃗∗ will be the solution of an
instance where the Ja are defined as Ja =

∏
i∈a si ∀a. The

Hamiltonian (1) takes its minimum value (H(⃗s∗) = −M)
when we build s⃗∗ and all the Ja following these rules [30].

2. random K-SAT: Choose N variables si = 1 ∀i to form s⃗∗.
Then group these variables into M clauses (with indexes
a = 1, . . . ,M) that are also selected uniformly at random.
All the clauses, of course, contain K variables and one
needs to define the corresponding K parameters Ja

i . For
every clause a, exclude only the case where ∀i ∈ a, and
randomly extract one among all other possible choices
for Ja

i , Ja
i = −1 and randomly extract one among all other

possible choices for Ja
i . This automatically constructs a
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Hamiltonian (Eq. (2)) such that H(⃗s∗) = 0, thus s⃗∗ is a
solution. In practice, we set the clauses with k negated
variables to appear with probability pk, p0 = 1/4, p1 = 0,
and p2 = 1/4and p3 = 0 following reference [29].

This work addresses a key question on algorithmic
performance in planted instances: What is the minimum fraction
of variables that must be fixed to find a solution using Belief
Propagation?. This is answered in two contexts: i) when the
variables are fixed randomly, and ii) when the variables are
fixed to their correct values. In each scenario, we compare
the behavior of the BP algorithm with the results of the MC
algorithm.

III. BELIEF PROPAGATION

Combinatorial optimization problems involve minimizing a
certain cost function, called Hamiltonian or energy in physics.
Written generically, this function is:

H(⃗s) =
M∑

a=1

Ψa(si, i ∈ a) −
N∑

i=1

hisi (3)

where the term Ψa is a function of the spins contained in
the clause with index a. Essentially, all Ψa functions must be
minimized simultaneously. Another important definition is
the average magnetization:

m(⃗s) =
1
N

N∑
i=1

si. (4)

Figure 1. Visualization of the BP algorithm in the factor graph section of panel
(a). In panel (b), the connection between i and the clause a is removed. The
message νi→a(si) from i to a is the local probability distribution associated
with the spin si in the remaining subgraph Gi (colored in blue). In panel c),
almost all the connections involving si have been removed, leaving only its
connection with a. The message ηa→i(si) from a to i is the local probability
distribution of si in the subgraph G′i (colored in blue).

The magnetization m(⃗s) tells us about the collective orientation
of the spins, which can also be guided by the local external
fields hi in Eq. (3).

The cavity method provides a way to determine local
probability distributions in tree-like graphs [3,4,31]. The main
idea is to make small modifications of the graph to define new
cavity marginals or messages νi→a(si) and ηa→i(si) (see Fig. 1).
These are used afterwards to get back the marginals in the
original graph p(si).

One key point of the scheme is the BP self-consistency
equations, which must be updated iteratively to obtain the
fixed-point messages:

νi→a(si) =
eβhisi

Zi→a

∏
b∈δi\a

ηb→i(si) (5)

ηa→i(si) =
1

Za→i

∑
sa\i

e−βΨa(s j, j∈a)
∏
k∈a/i

νk→a(sk) (6)

where β = 1/T is the inverse temperature and Zi→a and Za→i
are normalization constants. The symbol b ∈ δi \ a represents
the set of all clauses that contain i, except a. On the other hand,
a \ i is the set of variables that belong to clause a, except for i.
Therefore, the sum

∑
sa\i

goes over all the configurations of the
spins associated with the spins in a \ i.

The BP equations provide an exact solution for problems
defined on locally tree-like graphs, meaning the probability of
encountering closed cycles is null or very low. Note that if hi →

±∞, the variable-to-factor node messages in Eq. (5) become
νi→a(si) = Θ(hisi), where Θ(x) is the Heaviside function. In
other words, the spin is fixed towards the orientation of the
local field. Once the cavity marginals νi→a(si) and ηa→i(si) are
obtained, the local probabilities can be determined as:

p(si) =
eβhisi

Zi

∏
a∈δi

ηa→i(si) (7)

p(si, i ∈ a) =
1

Za
e−βΨ(si,i∈a)

∏
i∈a

νi→a(si) (8)

where Zi and Za are normalization constants and Ψa(sa) is
the weight function. Notice that, by construction, at zero
temperature BP concentrates on the ground state of the
corresponding Hamiltonian (with all the products equal to
one). This occurs because in the limit β→∞, the terms related
to the lowest energies dominate the exponential functions in
Eq. (8). Thus, if the fixed-point iteration converges, BP gives
positive weight only to configurations compatible with the
ground state.

IV. RESULTS

This section is divided into two parts. First, we show and
discuss the behavior of BP and MC on the random 3-XORSAT
problem, and then we move towards the study of the random
3-SAT problem. We remind the reader that we define our
graphs of interest using the planted model defined above, in
the section “Two Problems”. Then, the goal is to test whether
BP is able to find the planted or another solution as a function
of some initial information about it.

The results are compared with the output of the MC algorithm,
also with informed initialization. For the latter, we chose
the well-known Metropolis dynamic rule [32]. In each step,
this algorithm chooses a variable uniformly at random and
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proposes to invert its value. If the change diminishes the
number of unsatisfied clauses, i.e., if the energy’s variation
∆H(si → −si) is negative, the change is accepted. If ∆H(si →

−si) > 0, the proposal is accepted with a probability that is
proportional to exp(−β∆H(si → −si)).

IV.1. 3-XORSAT

We start our runs by fixing first a fraction (ϕ) of the spins. We
consider two possibilities: i) these spins are fixed randomly,
and ii) they are fixed as defined by the planted model. Once a
fraction of the spins are fixed, we run BP and MC at very low
temperatures (looking for the ground state of the system). In
all the cases considered here, BP converged.

In Fig. 2 we show the mean absolute local magnetization
|m| =

∑
i |mi|/N as a function of ϕ as obtained from BP, where

mi =
∑

si
si p(si) is the local magnetization. In the upper panel,

a fraction ϕ of the spins is fixed as in the planted model. In
the lower panel, a fraction ϕ of the spins is fixed in random
positions.

Figure 2. Behavior of the average absolute local magnetization returned by
BP as a function of the percentage of fixed spins. Results are obtained
for planted 3-XORSAT instances in random regular hypergraphs with
connectivity c = 4. We imposed strong local fields in random positions and
waited for BP’s convergence at T = 0.1. Each point represents the average
of 100 different runs. The inserted graphic displays a frequency histogram of
local magnetizations for two distinct percentages of fixed spins. Top panel:
Variables are fixed towards the planted solution. Bottom panel: Variables are
fixed to random values.

In both cases, when the fraction of fixed spins ϕ < 10 %
is low, BP finds paramagnetic solutions, |m| ∼ 0. The local

magnetizations mi at most sites i are close to zero (see the
histograms of mi in the insets). Around ϕ ∼ 10 % the absolute
magnetization |m| grows abruptly, and as ϕ increases, the
spins magnetize (|m| ∼ 1). Notice, however, that when the
fraction ϕ of the spins is initially fixed in random directions
(bottom panel), the algorithm finds a solution in which some
of the spins are not fully magnetized. In this case, the solution
of BP can not be directly transformed into a ground state
configuration.

Figure 3. Final energy density returned by MC and BP as a function of the
percentage of spins fixed. Results are obtained for the planted 3-XORSAT
in random regular hypergraphs with connectivity c = 4. We imposed strong
local fields in random positions and waited until convergence at T = 0.1.
Each point represents the average of 100 different runs of the corresponding
algorithm. Top panel: Spins are fixed towards the planted solution. Points are
the result of MC runs. Bottom panel: Spins are fixed to random values. The
panel shows results for MC and BP.

Indeed, to determine whether the distributions obtained from
BP correspond to solutions, it is important to look at their
local magnetization. When mi = 1 (mi = −1), one can
safely set the corresponding spin to si = 1 (si = −1). In
the cases where |mi| < 1 for some i, one would have to
design a subsequent way to assign si. Even when giving local
distributions that are not fully magnetized, BP can output
a small energy. In the particular case of K-XORSAT, when
the local distributions p(si, i ∈ a) give zero weight to the
configurations that do not satisfy the clause a, we get the
minimum energy. It is not necessary that p(si, i ∈ a) selects one
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specific configuration among the satisfying assignments. It is
the informed initialization, fixing a subset of variables, which
forces BP to converge to a specific solution.

Therefore, it does not make sense to plot the energy obtained
from BP when the informed initialization coincides with the
planted solution. This energy is always the minimum possible.
At this point, we remind the reader that the minimum energy
density (energy per variable) for the K-XORSAT is emin =
−M/N, which for regular hypergraphs with connectivity
c = 4 and K = 3 coincides with −c/K = −4/3 ≈ −1.333.
However, this is not the case with the MC algorithm, which
does not output local probability distributions but actual
configurations.

In the top panel of Fig. 3, we show the results of MC when
a fraction ϕ of the spins is oriented as in the planted model.
When ϕ is small, the informed initialization does not seem to
be helping MC. The energy indeed increases slowly when
ϕ increases away from zero. Then, around ϕ ≈ 18 %, the
informed initialization actually starts helping the algorithm
to find the way towards the solution. Notice that the fraction
of spins needed to actually recover the minimum energy of
the system with MC (ϕ > 22 %) is larger than the one obtained
with BP (ϕ > 10 %).

Figure 4. Comparison between the analytical description of UCP, the results
of BP and MC runs for 3-XORSAT instances defined over random regular
hypergraphs with connectivity c = 4. The graphic shows the overlap with
the planted solution as a function of the percentage of spins fixed towards
a planted solution. We imposed strong local fields in random positions and
waited until convergence at T = 0.1. Note that BP and UCP reach the planted
solution with a smaller fraction of fixed spins than MC. Each point represents
the average of 100 different runs.

On the contrary, when the spins are fixed in random positions,
it is useful to study the energy obtained after running BP,
which can be seen in the bottom panel of Fig. 3. For ϕ < 10 %,
BP gives a small magnetization (see the bottom panel of Fig. 2)
and the minimum possible energy e ≈ −1.333. In this region,
the output cannot be directly translated into actual solutions.
For ϕ > 10 %, as soon as the magnetization jumps to large
values, the energy departs from the minimum, going up and
away from the ground state. Although the fraction of fixed

variables forces BP to converge to specific configurations,
these are not solutions. The results indicate that even a
small fraction of variables fixed in random positions can
effectively obscure the planted solution. However, notice that
BP consistently maintains lower energy values than MC in the
same scenario. Therefore, from Figs. 2 and 3 we conclude that
for ϕ > 10 % the output of BP is a set of marginals mi, almost
90 % of which are mi = ±1 (see the inserted graphic in the
bottom panel of Fig. 2), and which correspond to relatively
low energies. These can be easily translated into near-optimal
configurations of the problem by taking si = sign(mi) for all
sites.

We also measure the overlap between the solution found by
the algorithms (⃗s BP, or s⃗ MC) and the planted solution s⃗∗. One
can define this overlap between any two configurations as a
normalized dot product: Q(⃗s, s⃗∗) = 1/N

∑
i sis∗i . In Fig. 4, we

compare the overlap between the configurations found with
BP and MC and the planted solution as a function of ϕ. The
results are consistent with the analysis of the energy shown
in Fig. 3. As can be easily seen, BP finds the planted solution
already for ϕ > 10 %, while MC converges to it only when
ϕ > 22 % of the spins are fixed.

The results in Fig. 4 are analogous to the ones in Fig. 4 of
Ref. [33]. However, there are some key differences. First of all,
Ref. [33] deals with the ferromagnetic case (Ja = 1), while Fig.
4 is for the disordered case (3-XORSAT) with Ja = ±1. In the
former, the magnetization is equivalent to the overlap with
the ferromagnetic solution. In the latter, we plant si = ±1
at random and the magnetization is always zero, forcing
us to measure the overlap. The second formal difference is
that Ref. [33] compares MC with the results of the Cavity
Master Equation (CME) [34], while we compare MC with BP.
Nevertheless, Ref. [35] later demonstrated that, for dynamics
that satisfy detailed balance, the fixed points of the CME are
equivalent to BP. Thus, in this case, BP can also be seen as a
faster way to compute the fixed points of the CME, improving
the procedure used in Ref. [33].

To understand the behavior of BP, we can follow an approach
developed in [14]. Let us imagine that what BP is doing is just
following a simple rule: whenever K − 1 variables in a clause
are fixed, the remaining variable is also fixed by BP to the only
possible value satisfying the clause. Indeed, remember that in
the K-XORSAT the local constraints are satisfied only if the
products

∏
i∈a si are all equal to one. Therefore, knowing the

values of the variables s j, with j ∈ a \ i, directly gives only one
possibility for the remaining si to satisfy the clause a.

The algorithm that proceeds like this, by propagating such
logical implications throughout the graph, is called Unit
Clause Propagation (UCP) and was already described using
differential equations in Ref. [14] for random hypergraphs
with Poisson connectivity. Here, we extend those results to
the case of random regular hypergraphs. The initial condition
for UCP is that a fraction ϕ of variables is already assigned
(fixed). At each time step, UCP chooses a clause with K − 1
fixed variables, and sets the remaining one to the only possible
satisfying value. Therefore, if we measure the time t in Monte
Carlo steps, each consisting of N simple UCP iterations, we
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get a fraction of fixed variables that grows asθ(t) = ϕ+t. Thus,
what we need to compute is the limit θ∞ = lı́mt→∞ θ(t), to get
the final fraction of fixed variables.

Let us define λ(t) = 1−ϕ− t as the density of variables that are
still unassigned at time t, and ρκ(t) as the density of clauses
containing κ unassigned variables at time t. For the latter, we
have the differential equation:

dρκ(t)
dt

= −δκ,1 + (9)

+
(c − 1)∑K

κ′=0 κ′ ρκ′ (t)

{
(κ + 1)ρκ+1(t) − κρκ(t)

}
At each time step, UCP assigns a value to one variable,
converting a clause with κ = 1 unassigned variables into
a clause with κ = 0 unassigned variables. This explains
the term −δκ,1 in the derivative. By doing so, UCP also
affects the other c − 1 clauses that contain the newly assigned
variable. At time t, each one of these other neighboring
clauses will still have κ unassigned variables with probability
κρκ(t)/

∑
κ′ κ

′ ρκ′ (t). Therefore, ρκ must increase because some
of the ”neighboringçlauses with κ + 1 unassigned variables
will pass to have κ unassigned variables after each iteration.
This explains the term (c− 1) (κ+ 1)ρκ+1(t)/

∑
κ′ κ

′ ρκ′ (t) in the
derivative. In the same way, the term (c−1)κρκ(t)/

∑
κ′ κ

′ ρκ′ (t)
takes into account the neighboring clauses that go from κ to
κ − 1 unassigned variables.

Now, we must solve Eq. (9) with the initial condition:

ρκ(0) =
c
K

(
K
κ

)
(1 − ϕ)κϕK−κ (10)

To do it, it is enough to follow the same procedure as in
Appendix A.1 of Ref. [14], and we obtain:

ρ1(t) = c (1 − ϕ) [ b(t) ]c−1
{

b(t) − 1 + (11)[
θ + (1 − θ) (1 − [ b(t) ]c−1)

]K−1 }
where b(t) = [(1 − ϕ − t)/(1 − ϕ)]1/c.

Eq. (11) is valid only for the time interval when UCP is still
running. As discussed above, the algorithm will stop at the
time t∗ when it exhausts the clauses with only one unassigned
variable, that is, when ρ1(t∗) = 0. To calculate the final fraction
of variables assigned by UCP (θ(t∗) = ϕ + t∗), given the initial
fraction of fixed variablesϕ, and the values of K and c, we need
to numerically obtain the time t∗ that solves the equation:

b(t∗) − 1 +
[
θ + (1 − θ) (1 − [ b(t∗) ]c−1)

]K−1
= 0 (12)

In Fig. 4 we also show this analytical description (continuous
lines). We compare it with the overlap between the marginals

of BP and the planted solution. The agreement is very good,
and we believe the differences are due to finite-size effects in
the numerical analysis with BP. Using UCP, we estimate with
more precision that the abrupt change in overlap occurs at
ϕc = 0.09575(5).

These results indicate that the fundamental mechanism used
by BP to find a correct final assignment is analogous to the way
UCP works. It propagates logical implications throughout the
graph by assigning the variables that belong to clauses with
other K−1 already assigned variables. Belowϕc, it does not go
very far and assigns a few variables in total. On the other hand,
a small fraction of initially fixed variables ϕ ≥ ϕc provokes an
avalanche of assignments that ultimately covers the whole
graph.

Figure 5. BP convergence probability as a function of the percentage of spins
fixed towards a planted solution. Each point corresponds to the average of
30 BP runs on formulas with size N = 104 at temperature T = 0.1.

IV.2. 3-SAT

The K-SAT problem belongs to the NP-complete class. In
particular, when defined over random graphs with K = 3,
it is well known that BP with random initialization fails
to converge above αd = 3.86 [3]. However, this is not
necessarily the case for the planted ensemble of graphs,
where the situation is more complex. In Fig. 5, we show how
an informed initialization in planted instances changes the
algorithm convergence. For α = 3, below the convergence
threshold αd = 3.86 of the ensemble of Poisson graphs, we
can see that after fixing a few spins (ϕ < 10 %) towards
the planted solution, the convergence is unaffected. However,
when the fraction of fixed variables passes ϕ ∼ 10 % BP stops
converging. We find a whole interval where the algorithm
does not converge, that for α = 3 extends from ϕ ≈ 10 % to
ϕ ≈ 20 %.

For α > αd, instead, BP loses convergence also for small values
of ϕ. Only when enough variables are fixed in the direction
of the planted solution, we see that BP starts converging. This
happens abruptly at a given value of ϕ (ϕ ≈ 15 % for α = 4
and ϕ ≈ 12 % for α = 5), in a behavior reminiscent of what we
observed for the 3-XORSAT problem in Figs. 2, 3, and 4.
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As said above, in the absence of fixed variables BP fails to
converge for α > αd [3]. Thus, it is not surprising that BP
converges for α = 3 when ϕ = 0, while it does not converge
for α = 4 and α = 5 (see Fig. 5). However, the abrupt ascent
observed when ϕ is large enough for all three values of α,
and the non-monotonicity displayed for α = 3, are non-trivial
behaviors that we should discuss in more detail.

As identified in Ref. [14] and verified by us in the case of
3-XORSAT with homogeneous connectivity, fixing variables
makes BP follow logical implications and effectively assign
other variables, in analogy to the Unit Clause Propagation
(UCP) algorithm. When the initial fraction of fixed variables
ϕ exceeds a critical value ϕc, the final fraction of assigned
variables θ(t∗) increases abruptly from a finite value to
θ(t∗) ∼ 1. Once the assigned variables are removed, we are
left with a trivialized constraint satisfaction problem for the
remaining part of the system, and BP is able to converge. The
latter is possible because the variables are set exactly to their
value in the planted solution, avoiding the creation of local
contradictions and causing the final ascent that we see for all
values of α in Fig. 5.

While for α = 4 and α = 5 the ascent is the only relevant
feature, for α = 3 we first have a descent in the probability
of convergence. The authors of Ref. [14] demonstrate, for
the 3-XORSAT problem, that a large enough fraction ϕ of
fixed variables can lead to a remaining constraint satisfaction
problem that is inside the clustered phase, even though the
solutions of the original problem were not clustered. In other
words, it is possible to depart from some α < αd where
the problem is easy to solve (and BP converges), and start
fixing variables to a point where the remaining formula is
effectively much harder to solve (and BP stops converging).
Contradictions will arise because of the presence of cycles in
the subjacent hypergraph, and BP’s messages will oscillate
indefinitely. Nevertheless, if we keep fixing new variables,
at some ϕc the final fraction of assigned variables jumps to
θ(t∗) ∼ 1 and the problem becomes easy once more. Thus,
BP converges again. This is a plausible explanation for the
non-monotonicity of the probability of convergence that we
observe for α = 3 in Fig. 5.

In Fig. 6, we present the energy (after convergence) for MC
as a function of ϕ for different values of α. Notice that this
algorithm recovers the ground state of the system only when
ϕ is very large. Moreover, the curve is not monotonic. As
with the 3-XORSAT in the top panel of Fig. 3, the energy first
grows when ϕ is increased. However, once a certain number
is fixed, the system begins recognizing the planted solution of
the instance.

BP, on the other hand, needs a smaller fraction of fixed
variables to find the planted solution. To show it, we plot
the overlap defined as before (Fig. 7) as a function of ϕ, both
for BP and for MC final configurations. Noticing that BP does
not always converge, we include in Fig. 7 only the statistics
obtained over the instances where BP converged. We observe
again two different behaviors depending on the value ofα. For
α < αd (α = 2 and α = 3 in the figure), BP converges for small
values of ϕ, but the final overlap with the planted solution is

small. Once BP regains convergence for larger values of ϕ, it
finds probability distributions that have a high overlap with
the planted solution.

Figure 6. Intensive energy of the final configurations obtained by running MC
on random 3-SAT instances as a function of the percentage of fixed spins.
The variables are fixed towards a planted solution. The points represent the
average of 100 MC runs over formulas of size N = 1024 at temperature
T = 0.1.

Figure 7. Overlap with the planted solution as a function of the percentage
of fixed spins in the 3-SAT problem with N = 104 at temperature T = 0.1.
Gray points represent the results of MC, and black points those of BP. The
variables are fixed towards the planted solution. Each point represents the
average of 20 BP algorithm runs (100 MC runs).

For α > αd, as said before, BP does not converge for small ϕ.
However, as soon as it starts converging, the overlap with the
planted configuration is close to one. The overlap increases
when α increases, as expected in the inference problem.
Thus, our results show that running BP with an informed
initialization serves two purposes simultaneously: it helps
convergence and it drives BP towards the planted solution.

Moreover, the planted solution always has a larger overlap
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with the probability densities of BP than with the MC final
configurations. The number of fixed spins needed by MC to
find the solution is, in any case, much larger than the number
of spins needed by BP. For example, when α = 4.0 we see that
MC starts having overlap close to one around ϕ ≈ 40 %, while
BP has comparable overlaps already at ϕ ≈ 15 %.

V. CONCLUSIONS

Our results show that BP is more efficient than MC in
finding solutions with an informed initialization. Both for
3-XORSAT and 3-SAT, BP requires a smaller proportion of
fixed spins to find the planted solution. Even when the spins
are fixed towards random directions, the final configurations
obtained from BP for 3-XORSAT instances have low energies.
This method could then be used as a starting point to find
near-optimal configurations. Furthermore, using an informed
initialization helps BP to converge in the planted 3-SAT, in
regions where otherwise it would not achieve convergence.

Moreover, we have shown that the behavior of BP when run on
3-XORSAT instances can be accurately reproduced using UCP,
a simple algorithm whose analytic description was already
included in Ref. [14]. Here, we extended the equations to
consider random regular hypergraphs, and show that the
fundamental mechanism followed by BP with an informed
initialization is the same included in the definition of UCP.
Taking advantage that a warm start is given, with a fraction of
variables fixed, the algorithm propagates logical implications
throughout the graph by assigning the variables that belong
to clauses with other K − 1 already assigned variables.

Regarding 3-SAT, one should recall the close relation between
the 1/4 model that we used to plant solutions, and the
3-XORSAT problem [29]. Indeed, in this specific case,
the planted instances can be transformed into equivalent
instances of 3-XORSAT. Thus, it is not surprising that
we observe qualitative similarities between both scenarios.
However, it must be said that the local algorithms, BP and
MC, are not informed that such a transformation exists. If they
exploit it in any way, it would be an interesting phenomenon
to be investigated in future work.
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The use of nuclear techniques for the evaluation of soil water
erosion is based on empirical relations to evaluate inventories of
radionuclides in the soil (137 Cs, 210Pb and 7Be). In applying the fallout
radionuclides technique (FRN) to croplands, the most widely used
model is the Mass Balance Model (MBM-II), which employs 137 Cs
isotope inventories (Bq m-2) to estimate soil redistribution rate. This
work develops a mathematical model (MRS-2) to obtain this soil
redistribution rate, yielding results comparable to those of MBM-II.
The model estimates the soil redistribution rate based on areal
activity density (AAD) values (Bq m-2) used in FRN techniques.
This linear model is notable for its internal and external validation,
providing reliable estimates of soil redistribution rate down to values
of -60 t ha-1 y-1. Its use is therefore recommended.

El uso de técnicas nucleares para evaluar la erosión hı́drica del suelo
se fundamenta en el establecimiento de relaciones empı́ricas para
evaluar los inventarios de radionucleidos en el suelo (137 Cs, 210Pb
y 7Be). Al aplicar la técnica de radionucleidos de precipitaciones
(FRN) a las tierras cultivadas, el modelo más utilizado es el Balance
de Masa (MBM-II), que emplea inventarios de isótopo 137 Cs (Bq
m-2) para estimar la tasa de redistribución del suelo. Este trabajo
desarrolla un modelo matemático (MRS-2) para obtener esta tasa
de redistribución del suelo, produciendo resultados comparables a
los del modelo MBM-II. El modelo estima la tasa de redistribución
basándose en valores de densidad superficial de actividad (DSA, en
Bq m-2) utilizados en la técnica FRN. Este modelo lineal es notable
por su validación interna y externa, proporcionando estimaciones
fiables de la tasa de redistribución del suelo hasta -60 t ha-1 y-1. Por
lo tanto, se recomienda su uso.

Keywords: water erosion (erosión hı́drica), fallout radionuclides (radionúclidos de precipitación), soil redistribution (redistribución del suelo),
conversion model (modelo de conversión)

I. INTRODUCTION

Soil loss due to water erosion and its subsequent
sedimentation in the landscape and water reservoirs is
a global environmental problem affecting agriculture and
hydraulic infrastructure. The negative impacts include threats
to agricultural sustainability and water resources, requiring
comprehensive assessments using reliable tools such as
nuclear techniques [1, 2] to characterize soil health [3]. Water
erosion, the most common problem, is caused by surface
runoff from soil. The nuclear technique (FRN) assesses water
erosion directly and quantitatively, as its isotopic tracers move
coupled with soil particles transported by water.

Numerous traditional techniques and universal equations
exist to estimate soil loss, such as USLE [4], RUSLE [5],
and MUSLE [6]. Their use, combined with the Geographic
Information System (GIS), is widespread [7]. Additional
model estimates redistribution in cultivated soils [8] and
evaluates the effect of crop rotation and land-use changes
on sediment transport [9]. Compared to these models,
practical experience with nuclear and isotopic techniques
has significant advantages by overcoming their limitations,

moving beyond predictive frameworks to deliver more
precise and concrete results.

A key advancement is the use of fallout radionuclides (FRN) to
evaluate soil redistribution rate [10–12]. This technique uses
the artificial anthropogenic isotope from nuclear explosions
(

137
Cs), the natural cosmogenic isotope (7Be), and the natural

geogenic isotope (210Pb) to define erosion and sedimentation
zones. These radionuclides provide information on soil
redistribution across different time scales: 7Be (several
months) [13],

137
Cs (approximately 50 years) [14,15], and 210Pb

(approximately 100 years) [16]. The IAEA has been actively
involved in developing these nuclear techniques [17, 18].

To convert
137

Cs inventories into soil erosion/deposition rates,
software has been developed as a standard add-in for
Microsoft Excel. These models are complex and tedious,
involving an evaluation process based on laboratory-derived
mass activity density (MAD-Bq kg-1). For

137
Cs, temporal

variation is assessed using the traditional conversion Mass
Balance Model II (MBM-II), which accounts for time-varying
137

Cs inputs and the fate of newly deposited precipitation
before its incorporation into the plow layer. Currently, FRNs
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enable the evaluation of erosion processes and extreme
climatic events [19] and have been used as tracers in aquatic
systems to indicate sediment residence times and to identify
their sources [20, 21].

The main objective of this work was to obtain, develop,
and validate a mathematical model that would allow for the
evaluation of soil redistribution per unit area in a shorter time,
thereby improving the efficiency of the assessment process
in the short and medium term and providing a practical
replacement for the lengthy traditional calculation methods.

II. MATERIALS AND METHODS

The use of fallout radionuclides (FRN) to assess water erosion
is based on the conversion models that consider radionuclide
inventories in the soil (137Cs, 210Pb, and 7Be) to estimate soil
redistribution rate [7–9, 16, 22].

Radionuclide measurements were performed using a
hyperpure germanium gamma spectrometer with 35 %
efficiency. The expanded uncertainty ranged from ±0.13 to
±8.24, determined by multiplying the combined standard
uncertainty by a cover factor. The stability of the gamma
spectrometer system was monitored weekly by measuring
energy, resolution, and efficiency values for point sources of
Am-241 (59.54 keV), Cs-137 (661.66 keV), and Co-60 (1332.50
keV), as well as the background count rate across the entire
analytical range. The Monte Carlo statistical simulation was
used to accurately solve the measurement problem [22],
and the system remained stable throughout the sampling
process. The activity concentrations for the radionuclides in
the IAEA-300, IAEA-306, and IAEA-314 certified reference
materials were determined. The measurement results were
compared with target values, revealing no significant
differences.

The results of this work led to a new mathematical model
(MRS-2) for estimating soil redistribution rate based on areal
activity density (AAD) values (Bq m-2) and other factors used
in the FRN technique, as part of the integrated methodology
of the nuclear techniques [1, 2]. This model is less complex,
yielding results more quickly from AAD values and making
the evaluation process more efficient in the short and medium
term. It practically eliminates the need for a reference site. The
development of the MRS-2 model is based on results from
previous research involving 151 samples from the studied
sites in the Hanabanilla reservoir and the National Site
for the Conservation of Water, Soil, and Forests (Havana).
Soil sampling followed expert criteria and a combination of
random, stratified, and systematic protocols [12, 17]. Detailed
knowledge of the study areas and the use of composite
sampling prevented cross-contamination.

II.1. The methodological strategy used is described below:

1) Analysis of bivariate correlations between the following
variables: areal activity density (AAD, Bq m-2), soil

redistribution rate (t ha-1 y-1), soil density (kg cm-3),
geology, soil type and use, height (m), rainfall (mm),
soil moisture, and soil slope ( %).

2) Hierarchical classification analysis of all variables
involved to determine their grouping based on results
similarity.

3) Selection of the variable(s) with the highest correlation
linked to the dependent variable (soil redistribution rate
(t ha-1 y-1)).

4) Analysis of bivariate model fits related to the dependent
variable (soil redistribution rate (t ha-1 y-1)).

5) Internal validation of the model based on data from the
study region and external validation in the National
Site for Soil, Water, and Forest Conservation, located
in Havana Province. In this area, soil redistribution
results from applying the integrated methodology
were analyzed using 50 sample sites and statistically
compared with the results estimated by the model, using
the Kolmogorov-Smirnov statistical test to compare two
distributions and the mean absolute error.

6) External validation through the application of the
integrated methodology, culminating in results graphs
and thematic maps. All statistical analyses for obtaining,
evaluating, and validating the linear model were
performed using the software Statgraphics Centurion
(version 19.5.01).

III. RESULTS AND DISCUSSION

Bivariate correlation analysis among the studied variables
revealed only one high and significant correlation: between
areal activity density (Bq m-2) and soil redistribution (t ha-1

y-1), with a coefficient of 0.956. The remaining variables
showed no significant influence on soil redistribution rate (see
Table 1).

Hierarchical classification analysis showed a cluster formed
by the AAD and the calculated soil redistribution rate,
clearly separated by their Euclidean distances from the other
variables. This confirms the bivariate correlation results,
where both variables exhibited the strongest correlation
(above 95 %).

Table 1. Results of the bivariate correlation analysis for all studied variables.

1Soil redistribution rate
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Correlation coefficients

Studied variables AAD (Bq m−2) SRR1 (t ha−1 yr−1)

AAD (Bq m−2) — 0.9557
SRR (t ha−1 yr−1) 0.9557 —
Soil density 0.1230 0.1573
(kg cm−3)
Geology -0.0057 -0.0740
Land use 0.1927 0.2807
Soil type -0.0798 -0.0865
Height (m) 0.4139 0.4942
Rainfall (mm) 0.3560 0.4005
Soil moisture index -0.1709 -0.1747
Soil slope ( %) 0.3123 0.3585

Based on these results, linear regression models were analyzed
to select the optimal model for estimating soil redistribution
rate from AAD values derived from laboratory mass activity
density (MAD, Bq kg-1 ) values.

The AAD (Bq m-2 ) is the selected parameter for the model
and is the main input for most conversion models applied in
FRN. It is calculated as follows:

AAD =
M ·MAD

S
(1)

where M is the total mass of whole soil core in kg, MAD is the
mass activity density (Bq kg-1 ) and S is the area of the core
cross-section (m2).

Simple linear regression analysis was performed. The best fit
was obtained with a linear regression model using the square
root of the areal activity density (

√
AAD) as the independent

variable. The results are shown in Tables 2 and 3 and Fig. 1.

Table 2. Model coefficients.

Parameter Least
Squares
Estimate

Standard
Error

T Statistic P-value

Intercept -83.0182 1.40182 -59.2216 0.0000
Slope 2.71585 0.0399165 68.0683 0.0000

Table 3. Analysis of Variance..

Source Sum of
Squares

Df Mean
Square

F-Ratio P-value

Model 216814 1 216814 4629.21 0.0000
Residual 6978.58 149 46.8361
Total
(Corr.)

223793 150

Correlation coefficient = 0.9843

R-squared = 96.8817 %

R-squared (adjusted for d.f.) = 96.8607 %

Standard error of the estimate = 6.8437

Mean absolute error = 5.5039

Durbin-Watson statistic = 1.8739 (P = 0.2202)

Autocorrelation of residuals at lag 1 = 0.0602

The equation of the fitted model (MRS-2) is:

SR (t ha−1 y−1) = −83.0182 + 2.71585
√

AAD (Bq m−2) (2)

SR: Soil redistribution

The P-value in the ANOVA Table (< 0.05) indicates a
statistically significant relationship between the calculated soil
redistribution and the AAD (Bq m-2 ) at the 95.0 % confidence
level. The fitted model explains 96.86 % of the variability in
the calculated soil redistribution. The correlation coefficient of
0.9843 indicates a strong relationship between the variables.

Applying the linear model obtained from linear regression
analysis with the (

√
AAD), soil redistribution values were

estimated and compared with those calculated using MBM-
II to determine deviations. The mean absolute error was 5.003
t ha-1 y-1. This value is acceptable for the proposed model,
which estimates soil redistribution rates up to 60 t ha-1 y-1,
considering that loss levels up to approximately 7 t ha-1 y-1

are classified as low erosion levels.

Figure 1. Calculated soil redistribution rate and its dependence on AAD (Bq
m-2 ).

The Kolmogorov-Smirnov test was used to compare both
distributions. The results are shown below:

Sample 1: Soil redistribution MBM II model (t ha-1 y-1)

Sample 2: Redistribution MRS-2 model (t ha-1 y-1)

Kolmogorov-Smirnov Test:

Statistic DN estimated = 0.0861

Two-tailed K-S statistic for large samples = 0.7481

Approximate P-values = 0.6304
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In this case, the maximum distance is 0.0861 (visible in
the Quantile Plot, Fig. 2). As the P-value is ≥ 0.05, there
is no statistically significant difference between the two
distributions, demonstrating the model’s internal validity.
However, this result needs to be complemented with its
geographical expression of the territorial conditions where
the variables studied in the correlational analysis are present.

Fig. 2 shows a close approximation between the two
distributions. However, estimated soil redistribution rates
below -60 t ha-1 y-1 begin to diverge from calculated values.
The MRS-2 model provides optimal results up to the erosion
range of -60 t ha-1 y-1). High soil loss values correspond to
very low concentrations of the studied radionuclide (137Cs) in
soil samples (values close to the detection limit of gamma-ray
spectrometry), leading to greater uncertainty in the estimated
analytical values for the mass activity density (Bq kg-1 ). This
error propagates when calculating the main model variable,
areal activity density (Bq m-2 ), which is used to estimate soil
redistribution (t ha-1 y-1).

Figure 2. Comparison of calculated soil redistribution rate and soil
redistribution rate estimated by the MSR-2 model

III.1. Practical application of the MRS-2 model in case studies.

The MRS-2 mathematical model is validated statistically
and practically. The statistical analyses are presented above;
practical validation is demonstrated through various case
studies. Below is a comparison of soil redistribution results
obtained by applying the traditional conversion model
(MBM-II) and the new mathematical model (MRS-2). Both
models were applied in the following study areas: crop fields
in the Provincial site for Soil, Water, and Forest Conservation

(Cienfuegos) and the Hanabanilla Reservoir (Cienfuegos and
Villa Clara).

Figure 3. Comparison of soil redistribution estimates from the linear model
obtained (MRS-2) with the MBM-II. Internal validation.

The research enabled the assessment of soil redistribution in
the landscape and the reservoir through the application of
both models. To validate the efficiency of the MRS-2 model, its
results are compared with those from the traditional MBM-II
model using GIS (QGIS, version 3.22.6) for mapping and
OpenOffice (version 4.1.7) for graphics (see Fig. 3).

III.2. Validation of the mathematical model (MRS-2).

III.2.1. Results (Hanabanilla Sub-Basin).

The conversion models (MBM-II and MRS-2) were applied
in the basin of the Hanabanilla Reservoir in Cienfuegos. The
main land uses in the study site are forestry, coffee, livestock,
and seasonal crops. The interpolation (kriging) results for 115
points are shown in figures 4A (MBM-II) and 4B (MRS-2). The
areas of soil gain (positive values) and loss (negative values)
are clearly identified. The same color palette was used for both
models for comparison.

The Fig. 4A show the MBM-II model estimates a soil
redistribution range from -43 to 119 t ha-1 y-1. The MRS-2
model (Fig. 4B) estimates a range of soil redistribution values
from -60 to 118 t ha-1 y-1, very similar to the MBM-II, reflected
in the proximity of the spatial redistribution pattern. The
distribution of positive and negative values on the map
shows a high coincidence, as do the soil redistribution rates
isolines. Analysis of the residuals (t ha-1 y-1) between model’s
prediction shows a mean (-0.4) and standard error (0.6) close
to zero, indicating the closeness of both models.This confirms
the internal validation from the Kolmogorov-Smirnov test.
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Figure 4. Interpolation results of the (A) MBM-II model and (B) MRS-2 model
in Hanabanilla areas.

III.3. External validation of the model obtained

Crop fields in the National Site for Soil, Water, and Forest
Conservation (Havana Province) were used for the external
validation of the MSR-2 model. The model behaves similarly
to the MBM-II model, following the pattern of maximum and
minimum soil redistribution estimates. Differences appear for
high erosion loss levels exceeding -60 t ha-1 y-1. The MRS-2
model adequately fits the MBM-II results at most evaluated
points.

The study site is highly eroded, as represented in Fig. 5A for
the 137Cs study. The main land uses are livestock and seasonal
crops. The majority of the area shows negative redistribution
rates (soil losses) with values below -15 t ha-1 y-1; only a small
green strip (center) identifies areas with tolerable soil loss
levels ( -10 t ha-1 y-1). Three areas with very high erosion levels
are shown in orange to red bands in the southwest, south, and
northeast of the site.

Figure 5. Interpolation results of the (A) MBM-II model and (B) MRS-2 model
in the national site.

For comparison, MRS-2 results in the same national site areas
were mapped using the kriging interpolation technique with
the same soil redistribution values scale as MBM-II (Fig.
5B). This linear model shows results close to the reference
model, and the spatial distribution shows very similar soil
redistribution isolines. Residuals (t ha-1 y-1) between model
predictions have a low mean (1.2) and a standard error (0.03)
close to zero, demonstrating the proximity of both models for
assessment.

This comparative analysis confirms the statistical results and
establishes greater confidence in the MRS-2 model. Fig. 6
illustrates the impact of these differences between the models
when evaluating their spatial representation, a fundamental
step in interpreting FRN technique results.

The external validation was conducted at the national site
on transects across several plots with diverse conservation
measurements. Results are shown in Table IV.

Table 4. Comparison of soil redistribution models

Redistribution
Models.

Sample 1 (MBM-II) Sample 2 (MRS-2)

Real Soil
redistribution
(national site)

50 values
(-61.81 to 18.22) -

Soil Redistribution
of (Linear model
MRS-2)

-
50 values

(-59.0146 to 23.7892)
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Kolmogorov-Smirnov Test:

Estimated DN statistic = 0.2

Two-tailed K-S Statistic for large samples = 1.0

Approximate P-value = 0.2710

In this case, the maximum distance is 0.2 (Fig. 6, Quantile Plot).
As the P-value is > 0.05, there is no statistically significant
difference between the two distributions at 95.0 % confidence
levels (Fig. 7).

Figure 6. Comparison of soil redistribution rates: calculated (MBM II) vs.
obtained by the MSR-2 model at national test site.

At the national site, all soil redistribution values are negative,
representing different soil loss levels. The linear model shows
the same behavior as the MBM-II model for the different points
evaluated (Fig. 7). The closest values between models are for
estimates above -50 t ha-1 y-1. Beyond -60 t ha-1 y-1 (maximum
soil loss values), the models show the greatest differences.

Figure 7. Comparison of soil redistribution estimates from the linear model
(MRS-2) with the MBM-II model. External validation.

III.4. Potentials for practical application of the mathematical model
(MRS-2).

Considering the stated premises, advantageous background,
and the statistical behavior of the MRS-2 model, its application
is proposed as a tool for estimating soil redistribution rates
in landscape and water reservoirs. Its results exhibit a very
good approximation with the traditional Conversion Model
(particularly MBM-II), except where the erosion exceeds -60 t
ha-1 y-1. Applying this linear model simplifies the use of FRN
techniques by eliminating the need to define and measure
a reference site. This is particularly useful where defining a
reference site to estimate reference AAD is not possible.

The application potential of the mathematical model MRS-2 is
high. Applying a modified version of the Universal Soil Loss
Equation (RUSLE) to estimate soil loss across the European
Union (study area: 3941 x 103 km2 ), with an emphasis on
cultivated soils, identified that over 99 % of the assessed area
falls within the range of 0 to -50 t ha-1 y-1. This indicates
the MRS-2 model could have potential use throughout this
region. A study in northeast Ethiopia using Geographic
Information Systems (GIS) and remote sensing techniques
(RUSLE) classified soil erosion risk from low (0 - 7 t ha-1 y-1)
to severe (45 - 60 t ha-1 y-1) and very severe (> 60 t ha-1 y-1).
Results showed that 98 % of the total studied area was in the 0
- 60 t ha-1 y-1 range, again confirming the potential use of the
MRS-2 model from low to severe erosion levels (according to
this classification).

IV. CONCLUSION

The MRS-2 linear mathematical model simplifies soil
redistribution estimations using areal activity density
(AAD) and can replace complex traditional methods
during initial screening.

Its reliability and applicability have been demonstrated
in diverse landscape contexts and agroecosystems and
verified using maps, graphs, and case studies.
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[19] E. G. Muñoz-Arcos, G. E. Millward, C. C. Clason, C. M.
Bravo-Linares, and W. H. Blake, Sci. Total Environ. 959,
178177 (2025).

[20] T. Abere, O. Evrard, T. E. Chalaux-Clergue, H. Adgo, E.
Lemma, A. Verleyen, and A. Frankl, J. Soils Sediments
(2025).

[21] M. F. Habtamu, W. A. Dessalew, M. Louise, H. Amare, A.
T. Seifu, B. Jennie, and S. S. Tammo, Catena 234, 107539
(2024).

[22] G. Eleftheriou, C. Tsabaris, E. G. Androulakaki, F. K.
Pappa, and E. G. Patiris, Appl. Radiat. Isot. 206, 111234
(2024).

This work is licensed under the Creative Commons Attribution-NonCommercial 4.0 International
(CC BY-NC 4.0, https://creativecommons.org/licenses/by-nc/4.0) license.
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This study investigates the response to gamma and electron
radiation of materials used as cathodes in lithium-ion batteries,
specifically LiMn2O4 (LMO) and LiNi0.5Mn1.5O4 (LNMO), through the
computational analysis of displacement cross-sections per atom.
The results indicate that the partial substitution of Mn with Ni in
LNMO significantly increases radiation resistance, which is attributed
to the strengthening of Ni-O covalent bonds, the reduction of
Jahn-Teller distortions, and the stabilization of the crystal lattice.
Monte Carlo simulations using the MCCM software reveal that
LNMO requires energies 1.3 − 1.8 times higher for the initiation of
atomic displacement cascades compared to LMO.

Este estudio investiga la respuesta a la radiación ganma y
electrónica de materiales empleados como cátodo en baterı́as de
iones de litio, especı́ficamente LiMn2O4 (LMO) y LiNi0.5Mn1.5O4

(LNMO), mediante el análisis computacional de las secciones
eficaces de desplazamientos por átomo. Los resultados indican
que la sustitución parcial de Mn por Ni en el LNMO incrementa
significativamente la resistencia a la radiación, lo cual se atribuye
al fortalecimiento de enlaces covalentes Ni-O, la reducción de las
distorsiones Jahn-Teller y la estabilización de la red cristalina. Las
simulaciones por Monte Carlo usando el software MCCM revelan
que el LNMO requiere de energı́as 1, 3 − 1, 8 veces mayores para
que se dé inicio a las cascadas de desplazamiento atómico en
comparación con LMO.

Keywords: spinel materials (materiales de espinela), radiation damage (daño por radiación), threshold displacement energy (energı́a umbral
de desplazamiento), lithium-ion batteries (baterı́as de iones de litio), atomic displacement cascades (cascadas de desplazamiento atómico)

I. INTRODUCTION

Spinel compounds, characterized by the general formula
AB2O4 and a robust three-dimensional crystal structure
(space group Fd3̄m) [1], constitute a critically important
class of electrode materials for advanced rechargeable
battery systems, particularly lithium-ion batteries (LIBs).
Their appeal stems from an advantageous combination of
structural stability, high operational voltage, and promising
rate capability [2]. The archetypal framework consists of a
cubic close-packed (ccp) array of oxide anions (O2−), where
the A2+ cations occupy one-eighth of the tetrahedral sites
(Wyckoff position 8a) and the B3+ cations reside in half of
the octahedral sites (16d) [3] [4]. In electrochemically active
lithium-based spinels (e.g., LiMn2O4), the A site is occupied by
Li+ ions, while the B site is filled by transition metal ions (e.g.,
Mn3+/Mn4+ or Ni2+), whose redox activity enables lithium
(de)intercalation.

This arrangement confers unique properties: high ionic
conductivity, thermal stability, and resistance to extreme
conditions [5]. The substitution of Mn by Ni in LiMn2O4
(LMO) generates LiNi0.5Mn1.5O4 (LNMO) , altering the cation
distribution and modifying electronic interactions, which
directly impacts the threshold displacement energy (TDE) [6].

Previously, it has been experimentally demonstrated that

gamma radiation significantly modifies the electrochemical
properties of spinel cathodes [7], due to the generation
of structural defects. However, the atomic origin of these
changes — in particular, the atomic displacements induced by
secondary electrons — has not been quantified in LMO and
LNMO. Therefore, the present work determines, for each atom
and according to its crystallographic position (tetrahedral
or octahedral), the probability of atomic displacement and
the associated threshold energies, thereby providing a
mechanistic explanation for the greater stability of LNMO
against radiation.

II. II. FUNDAMENTALS

II.1. II.1 Cation distribution and threshold displacement energy
(TDE)

The unit cell of the spinel contains 56 atoms [8], with a
generalized structural formula:

[A8a][B16d]2O32e

The structural stability of these materials under irradiation is
a critical aspect; a key parameter for evaluating this stability is
the TDE, defined as the minimum energy required to displace
an atom from its position in the crystal lattice and create a
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primary defect, such as a Frenkel pair. The TDE depends on
multiple factors, including the crystal structure, the nature of
chemical bonds, atomic mass, and crystallographic direction
[9].

For the spinel structure of LMO, the cation distribution can be
expressed as:

Lspinel = (Li+)8a[Mn3+/4+]16d(O2−)32e (1)

In LNMO:

LLNMO = (Li+)8a[Ni2+/3+
16d ,Mn3+/4+

16d ](O2−)32e (2)

The TDE is related to crystal stability under radiation
through models such as Kinchin–Pease and NRT
(Norgett–Robinson–Torrens) [10]:

Nd,NRT(Td) =


0 Td < Ed

1 Ed < Td < 2Ed

η
Td

2Ed
Td > 2Ed

, (3)

where Nd is the number of displacements per atom, Td is the
deposited energy, Ed is the TDE, and η is the damage efficiency
(∼ 0.8) [11].

In the spinel structure, atoms in octahedral sites, such as Mn in
LMO, generally exhibit a higher TDE than atoms in tetrahedral
sites, such as Li, due to a greater number of bonds and higher
local atomic density [12]. Covalent bonds, such as Ni–O in
LNMO, are stronger than predominantly ionic bonds, such as
Li–O in LMO, which also contributes to a higher TDE [13].
Furthermore, lighter atoms, such as Li, require less energy to
be displaced than heavier atoms such as Mn or Ni [14]. It has
been suggested that the presence of Jahn-Teller distortions,
characteristic of Mn3+ in LMO, could weaken the lattice and
contribute to a reduction in the TDE [15].

II.2. II.2 Effects of Ni doping

The substitution of Mn3+ by Ni2+/Ni3+ in LMO not only
oxidizes part of the Mn to Mn4+, but also appears to
significantly reduce Jahn-Teller distortions, which potentially
stabilizes the crystal structure and strengthens the Ni–O and
Mn4+–O bonds [16]. The substitution of Mn by Ni increases the
effective local atomic density due to the higher atomic mass of
nickel (58.7 vs. 54.9 u). This increased density contributes to a
greater number of effective nearest neighbors and strengthens
the local network, thereby raising the energy barriers for
atomic displacement. The TDE of Ni atoms in LNMO is
estimated to be between 70–120 eV, reflecting the strength
of its covalent bonds with oxygen. These increases in TDE
are directly proportional to the concentration of Ni, making
LNMO more resistant to irradiation damage than LMO.

II.3. II.3 Atomic displacement cascades

When a target atom (the lattice atom) receives a recoil
kinetic energy from an incident particle, becoming a Primary

Knock-on Atom (PKA), that exceeds its TDE, a displacement is
initiated. This results in the atom being ejected from its lattice
site. This displaced atom can collide with other neighboring
atoms, transferring the remaining energy (in terms of kinetic
energy) to other atoms. If this energy is sufficiently high, it
can provoke an atomic displacement cascade that propagates
through the crystal lattice, thus generating a large number of
point defects such as vacancies and interstitials [17]. In the
case of gamma irradiation, the maximum kinetic energy that
a secondary electron can acquire is equal to the energy of the
incident photon itself. The average energy transferred from
such an electron to a PKA can be estimated by:

T =
2E2

e

mec2 + 2Ee
, (4)

where Ee is the energy of the electron, me the rest mass
of the electron and c the speed of light in vacuum. For
relativistic approximations, though in practice for gamma
interactions, compton scattering dominates and the maximum
electron recoil energy determines the potential for secondary
ionization and, indirectly, atomic displacements. The gamma
radiation considered in this work comes from a 60Co source
(1.17 and 1.33 MeV), consistent with the source available in our
laboratory. These photon energies exceed typical TDE values,
generating secondary electrons (Compton and photoelectric)
that induce PKAs. The kinetic energy of these secondary
electrons is used as input for the displacement cascade
simulations.

III. III. MATERIALS AND METHODS

Given that the TDE for atoms within LMO and LNMO spinels
have not been experimentally established, TDE values were
inferred from those of atoms occupying similar lattice sites
in compounds with analogous chemical bonding and crystal
symmetry. In particular, experimental and computational
studies on structurally related spinel oxides such as MgAl2O4,
LiFe5O8, and NiCr2O4 were analyzed to infer trends in bond
strength, coordination, and radiation response [18] [19] [20].
Based on this comparative research, an approximation for
the TDE values in LMO (Table I) and LNMO (Table II)
was proposed, guided by systematic trends in atomic mass,
cation–oxygen bond covalency, and geometry site(tetrahedral
vs. octahedral). First-principles calculations on analogous
systems support that TDE ranges with local atomic density
and bond strength, allowing reasonable extrapolation to LMO
and LNMO [18] [19] [20].

Table 1. Ranges of displacement threshold energy for LiMn2O4

Atom Z Emin
d (eV) Emax

d (eV) Eprom
d (eV)

Li 3 10 100 20
Mn 25 40 100 70
O 8 40 70 55

Table 2. Ranges of displacement threshold energy for LiNi0.5Mn1.5O4
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Atom Z Emin
d (eV) Emax

d (eV) Eprom
d (eV)

Li 3 25 50 37.5
Ni 28 70 120 95
Mn 25 90 130 110
O 8 50 100 75

The phenomenon of atomic displacement cascades can be
analyzed through the calculation of displacements per atom
(dpa) cross-section, which quantifies the probability of total
accumulated damage in the lattice. The cutoff energy values
for the initiation of simple atomic displacement processes (Ec),
related to the TDE, can be calculated using the equation;

Ec =
2Ed

1 − α
, (5)

where α is a factor depending on the mass of the involved
atoms.

For the calculation of the dpa cross-section and Ec, the Monte
Carlo assisted Classical Method (MCCM) program [21] was
used, which employs classical theories of electron elastic
scattering. The MCCM program uses only elastic electron
scattering because elastic nuclear collisions transfer significant
energy to atoms, while inelastic processes (ionization,
etc.) produce secondary electrons with energies below the
displacement threshold. Thus, inelastic contributions to
atomic displacement are negligible, a standard approximation
in computational radiation damage studies. The cutoff
energies for the initiation of atomic displacement cascades
(Ecc) were obtained by plotting the results from MCCM (dpa
cross-section vs. kinetic energy) and determining the point at
which the slope of the curve changes.

IV. IV. RESULTS AND DISCUSSION

Figures 1, 2, and 3 illustrate the calculation of dpa cross-section
using the minimum, maximum, and average values of
the TDE for each atom in LMO. The calculation of dpa
cross-section using the minimum, maximum, and average
values of the TDE for each atom in LNMO are shown in figures
4, 5 and 6.

Figure 1. Relationship of dpa cross-section versus kinetic energy for the
minimum TDE values of LMO.

Figure 2. Relationship of dpa cross-section versus kinetic energy for the
maximum TDE values of LMO.

Figure 3. Relationship of dpa cross-section versus kinetic energy for the
average TDE values of LMO.

Figure 4. Relationship of dpa cross-section versus kinetic energy for the
minimum TDE values of LNMO.
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Figure 5. Relationship of dpa cross-section versus kinetic energy for the
maximum TDE values of LNMO.

Figure 6. Relationship of dpa cross-section versus kinetic energy for the
average TDE values of LNMO.

From the graphs, Ec and Ecc were extracted for each TDE value
of atom in LMO (Table III) and LNMO (Table IV).
Table 3. Cutoff energy values for the initiation of simple atomic displacement
processes and cutoff energies for the initiation of atomic displacement
cascades, corresponding to each TDE value of each atom in LMO.

Atom Z Ed (eV) Ec (MeV) Eci (MeV)

Li 3
10 0.031 0.157
30 0.088 0.448
20 0.060 0.308

Mn 25

40 0.626 2.411
100 1.174 4.098
70 0.926 3.347

O 8
40 0.238 1.096
70 0.376 1.604
55 0.310 1.365

Compared to Li, the Mn and Ni bonds require 2 to 3.6 times
more displacement energy, reflecting their stabilizing role in
the lattice. The probability of initiating a cascade is directly
determined by the TDE; therefore, materials with high TDE,
such as LNMO, have a higher threshold for cascade initiation,
reducing the probability of forming cascades and thereby
minimizing accumulated structural damage. Monte Carlo

simulations reveal that the dpa cross-sections for LNMO are
systematically lower than those for LMO under equivalent
irradiation conditions. This reduction is directly attributed
to the higher TDE, which require greater energy to initiate
damage processes. The relationship between TDE and damage
accumulation follows trends predicted by theoretical models:
materials with higher TDE accumulate fewer defects per unit
of radiation dose, resulting in better stability of structural and
electrochemical properties under prolonged irradiation.
Table 4. Cutoff energy values for the initiation of simple atomic displacement
processes and cutoff energies for the initiation of atomic displacement
cascades, corresponding to each TDE value of each atom in LNMO.

Atom Z Ed (eV) Ec (MeV) Eci (MeV)

Li 3
10 0.031 0.157
30 0.088 0.448
20 0.060 0.308

Mn 25

40 0.626 2.411
100 1.174 4.098
70 0.926 3.347

O 8
40 0.238 1.096
70 0.376 1.604
55 0.310 1.365

V. CONCLUSIONS

This study indicates that the substitution of Mn by Ni
in LNMO not only improves its electrochemical properties
but also significantly increases its resistance to irradiation
damage. Strengthening of Ni-O covalent bonds and oxidation
of Mn3+ to Mn4+ may reduce Jahn-Teller distortions, which
in turn could contribute to an elevation of the threshold
displacement energy of the constituent atoms. The increase in
TDE translates into a higher critical energy (Ec) and cascade
initiation energy (Ecc), which decreases the probability of
forming point defects and atomic cascades. The calculation
of the dpa cross-section confirms that LNMO accumulates
less structural damage for the same irradiation dose.
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MICROSCOPÍA DE BARRIDO POR EFECTO TÚNEL ELECTROQUÍMICO
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The adsorption process of piperazine-dithiocarbamate potassium
salt, which occurs on the Au(111) surface, was studied by using
electrochemical scanning tunneling microscopy. Perchloric acid and
sodium hydroxide were used as electrolytes. The results revealed
that, depending on the applied potential and the nature of the
electrolyte, the entire molecule or just individual sulfur atoms were
adsorbed forming different sulfur phases, instead of the entire
molecule.

Mediante el empleo de la microscopı́a de barrido por efecto túnel
en ambiente electroquı́mico, se estudió el proceso de adsorción
de la sal ditiocarbamato-piperazina de potasio sobre la superficie
de Au(111). Se emplearon ácido perclórico e hidróxido de sodio
como electrólitos. Los resultados mostraron que, en dependencia
del potencial aplicado y la naturaleza del electrólito, se produjo la
adsorción de la molécula completa, o solamente de sus átomos de
azufre, formando diferentes tipos de estructuras.

Keywords: Thin films, scanning tunneling microscopy, electrochemistry, microscopy of surfaces, interfaces.

I. INTRODUCTION

Dithiocarbamate is a sulfur-based functional group, and
their compounds are employed as building blocks for
self-assembled monolayers (SAMs) on gold surfaces. These
SAMs can be easily prepared in liquid phase by deposition
from solutions because of the high affinity between sulfur and
gold atoms, with applications as electrochemical sensors and
in the preparation of molecular devices [1–6]. Under certain
conditions during the deposition process, only sulfur atoms
are adsorbed on gold, by the breaking of the bond between
sulfur and the rest of the molecule [7–11]. Under different
conditions the entire molecule is adsorbed on the surface, thus
forming SAMs [12, 13]. This behavior is strongly related to
the chemical and physical properties of the dithiocarbamate
solution (concentration, pH, temperature) [14–16].

Some aspects of the interaction between sulfur and gold have
not been completely explained yet, like the adsorbate mobility
[17], the ordering of atoms forming different structures or
phases [18–21], the presence of vacancies or holes in the
surface [21–23], the lifting of the surface reconstruction,
the adsorption mechanism [17–25], and the surface sites
where it takes place [21, 26–28]. By using electrochemical
scanning tunneling microscopy (EC-STM) [29], the influence
of the electrical potentials and pH in the processes of
adsorption/desorption of the molecules or atoms on the
surface can be studied in real time, together with the structure
formation and surface modifications.

Dithiocarbamate adsorption has been previously studied
by experimental techniques like X-ray photoelectron
spectroscopy (XPS) [3, 6, 8], atomic force microscopy (AFM)
and scanning tunneling microscopy (STM) [3, 7, 8, 11–13],
but not by EC-STM. In this article, we used EC-STM for
studying the behavior of the piperazine-dithiocarbamate of
potassium molecules (K2DTC2pz) in solution, interacting with
a polycrystalline Au(111) surface in acid (perchloric acid,
HClO4) and basic (sodium hydroxide, NaOH) environments.

II. EXPERIMENTAL

Starting materials: Potassium and sodium hydroxides (Alfa
Aesar, p.a. quality); piperazine, perchloric acid, methanol, and
carbon disulfide (Merck, p.a.). K2DTC2pz was synthesized as
follows: 1 g of KOH was added to a solution containing 5
ML of methanol and 3 ML of CS2. This solution was stirred
until the KOH was completely dissolved, and then 194.2 mg
of piperazine were added. The resulting solution was reacted
for 30–40 min, and afterwards, it was rotoevaporated until
completely dried [7].

In situ STM images were taken at 298 K with a Digital
Instruments Nanoscope E electrochemical scanning tunneling
microscope (EC-STM) equipped with a bi-potentiostat, using
tungsten tips, etched from a polycrystalline wire in aqueous
NaOH. The tips were polymer coated to reduce the faradaic
current at the tip-electrolyte interface. All images were
recorded in the constant current mode, and processed with
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the WSxM software [30].

The EC-STM electrochemical cell consists of an Au(111)
polycrystalline thin film on a borosilicate substrate with an
area of 12 × 12 mm2 (ArrandeeTM) as a working electrode
(WE), two platinum wires served as counter and reference
electrodes. The reported potentials (E) are in the saturated
calomel electrode (SCE) scale (EPt − ESCE = 0.55 V) [31].
Before each experiment, the Au WE was annealed in a
hydrogen flame for about 3 min and cooled down to room
temperature. Samples were first immersed at open circuit
potential (ocp) in aqueous 0.004 mM K2DTC2pz in 0.5 M
NaOH or HClO4. The samples were imaged in the most
intense electro-reduction/oxidation peaks. Imaging potentials
ranged from - 1.4 to 0.5 V.

III. RESULTS AND DISCUSSION

Figure 1 shows the EC-STM images of an Au(111) surface
immersed in the K2DTC2pz solution in basic medium
obtained at two different electrochemical potentials. At E =
−0.825 V (Figure 1a), totally covered terraces by quasi-ordered
structures were observed, composed of bright spots in
rectangular-like arrays (region 1). At more positive potentials
(E = −0.790 V, Figure 1b), the coverage on the surface breaks
with the order observed in Figure 1a. This image shows three
different height features: small regions with several bright
spots corresponding to atoms or arrays of atoms with different
structures (region 2, 3, 4); a zone widely covered by a layer of
adsorbate with no apparent order (5); and a few darker zones
(6), corresponding to etch pits of the surface.

Figure 2a shows a closer inspection of region 1 of the modified
gold surface, revealing more details of the rectangular-like
arrangement, with well-ordered spots. This structure is
formed by parallel chains of spots in either I and II
directions, having intercalated bright and dark spots forming
hexamer-like structures. The length of the chains is (1.16 ±
0.02) nm, the distance between the atoms in the chains is
(0.59 ± 0.06) nm, and the separation between them is (0.55 ±
0.03) nm, as shown in profiles I and II (Figure 2 b and c).
Taking into account that the heights in the profiles have an
average value of (0.16 ± 0.03) nm, they might correspond
to sulfur atoms from the molecule. This can be explained,
considering that due to the presence of the gold surface,
a strong interaction is established between the sulfur and
gold atoms, yielding the adsorption of sulfur and breaking of
sulfur-carbon bonds, leaving the rest of the dithiocarbamate
molecule in the electrolyte solution.

Assuming a non-reconstructed Au(111) surface, this

hexamer-like pattern can be described with a
(
4 0
1
√

3

)
structure with an approximate coverage of 0.25 ML.

A zoom area of the squared region 2 from Figure 1b (Figure
3) presented several brilliant spots forming regular patterns
composed of four atoms (tetramers). From the height profiles,

similar to those of the previous case, we concluded that
these tetramers structures were composed only of sulfur
atoms, with dimensions (0.56 ± 0.08) × (0.63 ± 0.08) nm. A
comparison with the dimensions of the sulfur tetramers
previously observed on Au(100) by STM (0.57 × 0.56 nm) [7]
reveals that the tetramers observed under electrochemical
conditions in the basic environment on this surface are smaller
than the ones observed in air on Au(100). Assuming again
that there was no Au(111) reconstruction, this phase can be

described with a
(

2 0
√

5/2
√

15/2

)
structure, that corresponds

to a coverage of 0.2 ML. A zoom of region 3 in Figure 1b
appears in Figure 4. This region also presents the sulfur
atoms arranged in a quasi-rectangular array of dimensions
(1.54 ± 0.08) × (0.68 ± 0.08)nm in two orientations, being its

structure
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, that corresponds to a very dilute coverage

of 0.07 ML.

Region 4 also from Figure 1b was also magnified (Figure 5) to
reveal very bright spots without any kind of order. The height
of these spots is about (0.28 ± 0.03) nm, remarkably higher
than the heights observed for the previously studied cases.
We attributed these spots to the whole molecule anchored to
the surface with a tilt of about 60◦, which should explain why
these points have a higher height.

The coexistence of several arrangements of sulfur atoms
and the presence of K2DTC2pz molecules in Figure 1b
demonstrates that at this potential the system has a very
dynamical behavior, being that all the sulfur atoms are not
completely separated from the molecules, and not in their
most stable arrangement on the Au surface, resulting in a
coexistence of molecules and different arrangements of atoms.

In the case of perchloric acid as an electrolyte, at a potential
E = −0.447 V, an oblique-shaped array covering wide areas
of the surface appears (Figure 6). From the profile, we can
establish that the separation between the spots has a mean
value of (0.41±0.02)×(0.35±0.05) nm, and the crystallographic
angles have an average value of (65 ± 1)◦ and (115 ± 2)◦. This

structure can be mathematically described by a

√2 0
3
5

3
√

3
5


structure. The heights of the peaks in Figure 6, with an average
value of (0.25 ± 0.03) nm, are similar than those present in
Figure 5; therefore, this structure should be formed only by
tilted molecules. Then, we can associate each bright spot
with the K2DTC2pz molecule, adsorbed over the Au(111)
surface, forming a SAM with the afore mentioned structure,
corresponding to a dense coverage of 0.75 ML.

Increasing E yields desorption of the sulfur atoms,
disappearing the ordered structure, as was observed at E =
+103 mV (Figure 7). The figure shows a diluted phase, where
the spots corresponding to the sulfur atoms appear extended,
indicating their mobility over the surface before desorption,
which is completely reached at higher potentials.
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